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Abstract
A class of generalized hybrid Fourier transforms is introduced and the associated inversion formulae are derived. Results
for the known special cases are found to be straight forward. Certain important relations connecting various types of Fourier
transforms are also derived. A simple application of one such generalized transform is explained briey. c© 2000 Elsevier
Science B.V. All rights reserved.
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1. Introduction
A class of generalized hybrid Fourier transforms, combining both the cosine as well as the sine
transforms are dened by the relation:
FGH(x) :=GH(f) :=
s
2

Z 1
0
f()

Pm() cos(x) + Qn() sin(x)
P2m() + Q2n()

d; (1.1)
where Pm() and Qn() denote polynomials in , of degree m and n, respectively, with real coe-
cients, along with the restriction that the polynomial (P2m()+Q
2
n()) does not possess a positive zero.
The integral equation (1.1), serves as a generalization of the two transforms FS(x)  Sf and
FT (x)  Tf, as dened by Srivastav [3], recently, which are the special cases of the general form
(1.1), as the pair of polynomials (Pm(); Qn()) take up the forms: (Pm() = c; Qn() = −) and
(Pm() = ; Qn() = c), respectively, where c is a real constant.
In view of the relation
Pm() cos(x) + Qn() sin(x)p
P2m() + Q2n()
= cos

x − tan−1

Qn()
Pm()

; (1.2)
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it is easily observed that the integral on the right-hand side of relation (1.1) is convergent for a
large class of functions f().
In the present paper, we shall develop a method to solve the integral equation of the rst kind, as
given by relation (1.1), and hence establish the inversion formula for the generalized hybrid Fourier
transform FGH(x).
An important and interesting relation is derived next, which connects the generalized transform
FGH(x) and the associated generalized R-transform of Sneddon [2], as dened by the relation
FRG() :=RG(f) :=
s
2

Z 1
0
f(x)(Pm()sin(x)− Qn()cos(x)) dx: (1.3)
[Note that the special case (Pm() = c; Qn() = −) produces the R-transform of Sneddon [2] and
the S-transform of Srivastav [3] is also obtainable by this choice of the pair (Pm(); Qn()), from
relation (1.1).]
The connection of the transforms FRG(x) and FGH(x) with the Hilbert transform is also brought
out and the special cases are shown to produce the known results, derived by Srivastav [3], if some
minor corrections are incorporated there.
A well-studied boundary value problem (see [1]), involving Laplace’s equation, arising in the
study of problems in surface water waves, in two dimensions, is taken up as an application of the
generalized hybrid Fourier transform, of the type discussed here.
2. Derivation of the inversion formula for generalized hybrid transform
In order to derive the inversion formula for the generalized transform FGH(x), we have to develop
a method for obtaining a solution to the integral equation (1.1), of the rst kind, and it turns out
that the problem will be easily solved in two particular choices of Pm() and Qn(), which are to
be discussed later.
The following results involving the integrals of the products of trigonometric functions, with
exponential function, appear to be quite applicable in our calculations:
(i)
Z 1
0
e−at cos(bt) dt =
a
a2 + b2
Re(a)> 0; b> 0; (2.1)
(ii)
Z 1
0
e−atsin(bt) dt =
b
a2 + b2
Re(a)> 0; b> 0; (2.2)
(iii) lim
!0+
Z 1
0
e−x sin(tx) dx =
1
t
; t 6= 0; (2.3)
(iv) lim
!0+
Z 1
0
e−x cos(tx) dx = (t); 8t; (2.4)
where (t) is Dirac’s delta function having the property:Z 1
−1
(t)(t) dt = (0); (2.5)
for all (t) 2 C(−1;1).
A. Chakrabarti, Hamsapriye / Journal of Computational and Applied Mathematics 116 (2000) 157{165 159
To start with, we multiply both sides of Eq. (1.1), by
p
2= (Pm()cos(x) + Qn()sin(x));
 2 (0;1), and integrate with respect to the variable x from (0;1). We obtain after interchanging
the order of integrations and by introducing an exponential-type convergence factor:
2

Z 1
0
f() d
P2m() + Q2n()

lim
!0+
Z 1
0
e−x(Pm()cos(x) + Qn()sin(x))
(Pm()cos(x) + Qn()sin(x)) dx

=
s
2

Z 1
0
FGH(x)(Pm()cos(x) + Qn()sin(x)) dx  F^GH() (say): (2.6)
Expanding the product terms and using some basic trigonometric identities, along with results (2.1){
(2.5), we arrive at the relation
f() = F^GH()− 2
Z 1
0
f() d
P2m() + Q2n()

Qn()Pm()− Pm()Qn()
2 − 2

: (2.7)
We dene
Q^() = Qn()Pm()− Pm()Qn(): (2.8)
Clearly, Q^() = 0. Again, Q^(−) = −Qn(−)Pm() − Pm(−)Qn(). Now it is obvious that if,
either
(A) Qn() is an even-polynomial, (i.e. Qn(−) = Qn()) and Pm() is an odd-polynomial, (i.e.,
Pm(−) =−Pm());
or
(B) Pm() is an even-polynomial, and Qn() is an odd-polynomial, then Q^(−) = 0, in which case
(2 − 2) is a factor of Q^(). Thus, we study the following two particular cases:
Case A: m= 2p; n= 2q+ 1, for some p; q 2 N.
In this case, we select Pm() and Qn() in the form
Pm() = c0 + c22 +   + c2p2p
and
Qn() = b1+ b33 +   + b2q+12q+1;
(2.9)
where cis (for i = 0; 2; : : : ; 2p) and bjs (for j = 1; 3; : : : ; 2q + 1) are certain known, real constants.
With this choice of Pm() and Qn(), the expression Q^() can be computed to be
Q^() = (2 − 2)Q^m;n(; ) (2.10)
with Q^m;n(; ) as dened by the relation
Q^m;n(; ) =
pX
i=0
Am;n2i () 
2i ; (2.11)
where Am;n2i () are certain polynomials in the variable . Substituting for Q^() in relation (2.7), we
arrive at the relation
f() = F^GH()−
pX
i=0
D2i 2i ; (2.12)
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where D2is are dened to be
D2i =
2

Z 1
0
f()Am;n2i () d
P2m() + Q2n()
; i = 0; 1; : : : ; p: (2.13)
On substituting relation (2.12) into relation (2.13), we can determine the inversion formula, for
integral equation (1.1), completely, by determining the constants D2i, as a solution vector of the
resulting system of linear equations, except in the special case: Pm() = c0 and Qn() = b1, when
the constant D0 remains arbitrary (see Srivastav [3]).
Case B: m= 2p+ 1; n= 2q, for some p; q 2 N.
In this case, we select Pm() and Qn() in the form:
Pm() = c1+ c33 +   + c2p+12p+1
and
Qn() = b0 + b22 +   + b2q2q;
(2.14)
with known real constants c1; c3; : : : ; c2p+1 and b0; b2; : : : ; b2q. On similar lines of arguments, as em-
ployed in Case A, we can arrive at the result that
Q^() = (2 − 2)Q^m;n(; ); (2.15)
with Q^m;n(; ) as dened by the relation
Q^m;n(; ) =
pX
i=0
Bm;n2i+1() 
2i+1; (2.16)
where Bm;n2i+1() are certain polynomials in the variable . Substituting for Q^() in relation (2.7), we
arrive at the relation
f() = F^GH()−
pX
i=0
E2i+1 2i+1; (2.17)
where we have dened E2i+1 as
E2i+1 =
2

Z 1
0
f()Bm;n2i+1()d
P2m() + Q2n()
; i = 0; 1; : : : ; p: (2.18)
Using the expression for f(), as given by relation (2.17), in relation (2.18), we obtain a system
of linear equations, to be solved for the constants E2i+1, solving which we completely obtain the
inversion formula for the problem as in (1.1).
We consider below some particular examples to clarify the matter.
Particular examples:
Example 1 (Case B).
Pm() = (1− N2)
Qn() =−;
)
N; > 0: (2.19)
With this choice of the pair (Pm(); Qn()), the expression for Q^(), reduces to the form
Q^() =−N(2 − 2); (2.20)
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in which case the inversion formula is given by
f() = F^GH() + D; (2.21)
where D is dened as
D =
2N

Z 1
0
f() d
2(1− N2)2 + 2 : (2.22)
Substituting for f() from relation (2.20), we can simplify the right-hand side of (2.22), to the form
D =
2N

Z 1
0
F^GH() d
2(1− N2)2 + 2 + D
2N

Z 1
0
2 d
2(1− N2)2 + 2 : (2.23)
Now the second integral, as appearing in relation (2.23), can be evaluated easily by utilizing the
fact that the cubic equation (1+N2)= , possesses a positive root, say, k0 and two complex roots
with their real parts being negative, say, w1 and w2, and we nd that:
I 
Z 1
0
2 d
2(1− N2)2 + 2 =

2N
(1 + Nk20 )
(1 + 3Nk20 )
: (2.24)
Thus, the constant D is determined to be
D =
(1 + 3Nk20 )
k20
Z 1
0
F^GH() d
2(1− N2)2 + 2 (2.25)
and the inversion formula is as given by (2.21).
Example 2 (Case B).
Pm() = (1 + K4)
Qn() =−;
)
K; > 0: (2.26)
With this choice of the pair (Pm(); Qn()), the expression for Q^(), can be simplied to the form
Q^() = K(2 − 2)(3+ 3) (2.27)
and hence the inversion formula (cf. (2.17)) can be written in the form
f() = F^GH()− D1− D23 (2.28)
with the constants D1 and D2 dened as
D1 =
2K

Z 1
0
2f() d
2(1 + K4)2 + 2
and D2 =
2K

Z 1
0
f() d
2(1 + K4)2 + 2
: (2.29)
Constants D1 and D2 can be determined, as explained previously, and we nd that
D1 =
(1 + I4) J2(F^GH)− I5J1(F^GH)
(1 + I4 + I3 + I3I4 − I2I5) ; (2.30)
D2 =
(1 + I3)J1(F^GH)− I2J2(F^GH)
(1 + I4 + I3 + I3I4 − I2I5) ; (2.31)
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where we have dened that
Ir =
2K

Z 1
0
r d
2(1 + K4)2 + 2
; r = 2; 3; 4; 5; (2.32)
Js(F^GH) =
2K

Z 1
0
sF^GH() d
2(1 + K4)2 + 2
; s= 1; 2: (2.33)
The choice of Pm() and Qn() as in Example 1, has its application in the study of problems of
surface water waves, as will be seen later, in Section 5.
3. Relation between the generalized hybrid transforms
We consider the two transforms FGH(x) and FRG(x) as dened by relations (1.1) and (1.3). We
compute
(RG)(GH)f() =
s
2

Z 1
0
(Pm()sin(t)− Qn()cos(t))

2
4
s
2

Z 1
0
f()
(Pm()cos(t) + Qn()sin(t))
P2m() + Q2n()
d
3
5 dt: (3.1)
Interchanging the order of integrations and introducing an exponential convergence factor e−t , we
may rewrite relation (3.1) as
(RG)(GH)f() =
2

Z 1
0
f() d
P2m() + Q2n()

lim
!0
Z 1
0
e−t(Pm()Pm()sin(t)cos(t)
−Qn()Pm()cos(t)cos(t)− Qn()Qn()cos(t)sin(t)
+Pm()Qn()sin(t)sin(t)) dt

: (3.2)
Using certain well-known trigonometric identities and also relations (2.1){(2.5), we arrive at,
(RG)(GH)f() =− 2
Z 1
0
f() d
P2m() + Q2n()

Qn()Qn() + Pm()Pm()
2 − 2

: (3.3)
Relation (3.3) can be rewritten in the form
(RG)(GH)f() =− Qn()

(FsFc)(U1)− Pm()(FsFc)(U2); (3.4)
where we have dened U1() and U2(), as given by the relations
U1() =
Qn()f()
P2m() + Q2n()
and U2() =
Pm()f()
P2m() + Q2n()
(3.5)
and Fc and Fs denote the standard Fourier cosine and sine transforms, respectively, as dened by
the relations:
Fcf =
2

Z 1
0
f(x)cos(x) dx and Fsf =
2

Z 1
0
f(x)sin(x) dx: (3.6)
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In the particular case when Pm() = c and Qn() =−, we obtain the relation
(RG)(GH)f() = (FsFc)f();
) (RG)(GH) =FsFc; (3.7)
which agrees with the one derived by Srivastav [3].
4. Relation between the generalized hybrid transforms and the Hilbert transforms
The Hilbert transforms denoted by H1 and H2 (on L2(0;1)), are dened as (see [3,4])
H1f =
2

Z 1
0
f(x) dx
x2 − 2 ; (4.1)
H2f =− 2
Z 1
0
xf(x) dx
x2 − 2 : (4.2)
It can be easily veried that H1 =−FsFc and H2 =−FcFs. Relation (3.3) can be rewritten in
the form as given by
(RG)(GH)f() =− 2Qn()
Z 1
0
f()Qn()
P2m() + Q2n()
d
2 − 2
− 2 Pm()
Z 1
0
f()Pm()
P2m() + Q2n()
d
2 − 2 : (4.3)
By virtue of relations (4.1) and (4.2), we can recast relation (4.3) in the form
(RG)(GH)f() = Qn()H2T1 − Pm()H1T2; (4.4)
where we have dened that
T1() =
f()Qn()
P2m() + Q2n()
and T2() =
f()Pm()
P2m() + Q2n()
: (4.5)
It can also be veried that in the particular case when Pm() = c and Qn() = −, relation (4.4)
reduces to the relation
(RG)(GH)f =−H1f = (FsFc)f; (4.6)
derived earlier (cf. relation (3.7)).
5. An application
As an application of the generalized hybrid transform corresponding to the case when Pm() =
(1−N2) and Qn()=−, (where  and N are known positive constants), we consider the following
boundary value problem, which arises (see [1]) in the study of reection of two-dimensional surface
water-waves, by a vertical cli, under the inuence of surface tension.
Problem. Determine the function (x; y) satisfying the following equation and conditions, in the
quarter-plane: x> 0; y> 0:
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(i) The partial dierential equation:
@2
@x2
+
@2
@y2
= 0:
(ii) The boundary condition:
N
@3
@y3
+
@
@y
+ = 0; on y = 0; (N; > 0; constants):
(iii) The boundary condition:
@
@x
= 0; on x = 0:
(iv) The innity conditions:
(a) ! e−ik0x−k0y + Reik0x−k0y; as x !1
and
(b) ;5! 0; as y ! 0;
where R is an unknown constant to be determined and k0 is the positive root of the cubic
equation : (1 + N2) = :
(v) The edge condition: 
@2
@x@y
!
(y=0; x!0+)
= 0 (a constant):
Solution. Let us seek a representation of (x; y) in the form
(x; y) = e−ik0x−k0y + Reik0x−k0y +
2

Z 1
0
A()f(1− N2)cos(y)−  sin(y)g
2(1− N2)2 + 2 e
−x d; (5.1)
where A() is an unknown function to be determined. It is to be noted that the form (5.1), for
an appropriately chosen function A(), satises requirements (i), (ii) and (iv) straightaway, and,
condition (iii) produces an integral equation for the determination of A(), as given by:
2

Z 1
0
A()[(1− N2)cos(y)−  sin(y)]
2(1− N2)2 + 2 d=−ik0(1− R)e
−k0y; y> 0: (5.2)
The integral equation (5.2) is a particular case of general equation (1.1), as considered in Example
1, above, and we easily nd, after using the resultZ 1
0
e−k0yf(1− N2)cos(y)−  sin(y)g dy =−k0N; (5.3)
that
A() = ik20N (1− R) + D; (5.4)
where D is dened as
D =
2N 2

ik20 (1− R)
(1− (2N=)I) I; (5.5)
with I as given by relation (2.24).
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The nal form of A() as given by relation (5.4), becomes,
A() =
i(1− R)
2
(1 + 3Nk20 ): (5.6)
Substituting relation (5.6), into relation (5.1), and using edge condition (v), we derive that
R= 1 +
2iN0
1 + 3Nk20
(5.7)
and the solution of the boundary value problem is completed, which agrees with the one obtained
by Rhodes Robinson [1], earlier, if certain minor errors appearing there are taken care of.
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